A new analytic solution is presented for tidal propagation in multilayer coastal aquifers consisting of an arbitrary number of layers. The solution is derived using matrix calculus and may be applied to simulate tidal propagation in systems where aquifer layers are separated by leaky layers of low permeability or in stratified aquifers. The head, amplitude, and phase shift may be simulated for arbitrary tidal components. The transmissivity, storage coefficient, and loading efficiency may be different for every aquifer layer. Similarly, the resistance to vertical flow, storage coefficient, and loading efficiency may be different for every leaky layer. The aquifer system extends an infinite distance below the sea or may end abruptly at the shore line. In the former case, different aquifer and leaky layer properties may be specified below the sea and below the land. A homogeneous unconfined aquifer is simulated with 80 layers to demonstrate that the tidal signal propagates much farther inland in the deeper part than in the shallower part of an unconfined aquifer. This effect is enhanced significantly when layers of low permeability are present in the aquifer, even when these layers are fairly thin, such as clay lenses. The solution is implemented in Python and may be used, for example, to estimate aquifer parameters from head measurements in coastal aquifers.
Introduction
The principle of the tidal method is to use measurements of the tidal response in observation wells to estimate aquifer parameters (e.g., Carr & Van Der Kamp, 1969; Ferris, 1952) . Measured heads are analyzed to determine the amplitude and phase shift of the major tidal components; corrections may be necessary to account for storage in observation wells (e.g., Hvorslev, 1951) . Aquifer parameters, or combinations of aquifer parameters, are estimated by fitting an analytic solution for one specific tidal component. Many one-dimensional analytic solutions exist for single-layer coastal aquifers that end abruptly at the shore line; they are reviewed by Li and Jiao (2003) . The focus of this paper is on aquifers that extend partially or completely below the sea. Van der Kamp (1972) presented the first such solution; he considered a confined aquifer with an impermeable top that extends infinitely far below the sea. This solution was modified later for the case that the confining layer extends a finite distance below the sea with either a fixed head (Li & Chen, 1991) or a mixed boundary condition (Li et al., 2007) at the termination of the confining layer. Wang et al. (2012) presented a solution for a two-aquifer system separated by an impermeable layer where the top aquifer terminated at the shore line but the bottom aquifer extended a finite distance below the sea. A solution for the case of an aquifer covered by a leaky semiconfining layer without storage was presented by Chuang and Yeh (2007) for the case that the leaky layer extends infinitely far below the sea and by Li and Jiao (2001) for the case that the leaky layer extends a finite distance below the sea. The latter solution was modified by Chuang and Yeh (2008) by including a two-aquifer system in the land part of the system. Li et al. (2008) included storage in the leaky layer solution of Chuang and Yeh (2007) . All solutions cited so far are for one-dimensional flow in coastal aquifers where the shore line is fixed and where the aquifer extends to infinity on the land side of the system. Many of these solutions are special cases of the multilayer solution presented here.
Several solutions or solution techniques have been developed for cases based on different approximations. Nielsen (1990) and Su et al. (2003) presented approximate analytic solutions for a sloping beach, where the shore line moves with the tide; Vandenbohede and Lebbe (2007) with a numerical model. Maas and De Lange (1987) presented the solution for a tidal river with finite width, demonstrating the complex interaction of fluctuations caused by multiple boundaries. Rotzoll et al. (2008) and Sun et al. (2008) presented analytic solutions across long islands of finite width, again showing the effect of two boundaries. Teo et al. (2003) and Yeh et al. (2010) presented approximate analytic solutions for two-dimensional flow in a vertical cross section with a vertical beach on one side of the model and a water table condition at the top of the model. Bakker (2004) presented analytic element solutions for two-dimensional horizontal flow for coastlines of arbitrary shape, while Post (2011) created a MODFLOW package for periodic boundary conditions. Slooten et al. (2010) performed sensitivity analyses to determine where tidal fluctuations should be measured to obtain the most information. Besides the estimation of aquifer parameters, solutions for tidal fluctuations can be used to study, for example, the effect of tidal fluctuations on the spreading of solutes in coastal aquifers (e.g., Pool et al., 2014) .
The objective of this paper is to present a new analytic solution for tidal fluctuations in a multilayer coastal aquifer consisting of an arbitrary number of layers. The aquifer system extends infinitely far below the sea; equations for aquifer systems that end abruptly at the shore are also provided but are not evaluated further. All layers can have different aquifer properties, which allows for the approximate modeling of phreatic conditions in the top layer of the aquifer system or the inclusion of thin clay lenses in sandy aquifers. First, the solution approach is introduced to derive the existing solution for a single aquifer, after which the solution approach is extended to an arbitrary number of layers. Examples are presented of the propagation of tidal effects in the deeper part of unconfined aquifers and of the effect of thin clay lenses on tidal propagation.
One-Dimensional Flow to a Shallow Sea With Tidal Fluctuations
Consider one-dimensional flow in an aquifer below and near a shallow sea with tidal fluctuations. The aquifer is covered by a leaky semiconfining layer. The resistance to vertical flow is neglected in the aquifer (Dupuit approximation), and flow in the leaky layer is approximated as vertical. The origin of the coordinate system is chosen at the shoreline (Figure 1 ). The aquifer below the sea extends to infinity along the negative x axis, and the aquifer below the land extends to infinity along the positive x axis. The transmissivity, storage coefficient, and loading efficiency of the aquifer below the sea are T, S, and , respectively. The resistance to vertical flow, storage coefficient, and loading efficiency of the leaky layer below the sea are c, , and , respectively ( Figure 1 ). Below the land, the transmissivity and storage coefficient of the aquifer areT andS, respectively, and the resistance and storage coefficient of the leaky layer arec and̃, respectively. The common approximation is adopted that horizontal deformations of the aquifer are neglected. Therefore, the loading efficiency is not defined for the aquifer below the land as the load there does not change. Unconfined flow in the aquifer below the land may be approximated by setting the storage coefficient equal to the specific yield, setting the resistance toc = ∞ so that no water leaks into the aquifer at the top, and by neglecting variations in the transmissivity (limitations of this approximation are discussed in, e.g., Sheets et al., 2015) .
The head in the aquifer below the sea is governed by (e.g., Bakker, 2016; Van der Kamp, 1972 )
where is the loading efficiency (also called tidal efficiency in studies of coastal aquifers), h is the head change caused by tidal fluctuations, and q t is the vertical specific discharge at the top of the aquifer (positive when the water flows vertically upward). Flow in the aquifer below the land is obtained from (1) by setting the head h 0 above the aquifer equal to zero, which gives
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Note that the case of nonzero but constant h 0 in the land portion of the aquifer can be solved by superposition.
Far from the shore, below the sea, the horizontal head gradient equals zero, while far from the shore below the land, the head equals zero.
At the shore, the head and flow are continuous
where 0 − and 0 + indicate evaluation just to the left and right of x = 0, respectively.
A solution to the stated problem is sought in complex form. The water level in the sea h 0 (t) is therefore written in complex form as
where h s is the amplitude of the tide in the sea, i is the imaginary unit, and is defined as
where is the period of the tide. The real part of (5) is equal to a sea level fluctuation
while the imaginary part is equivalent to a sea level fluctuation
In the remainder of this section, the head h is complex, where the real part is the response to a sea level that varies as a cosine function (7) and the imaginary part is the response to a sea level that varies as a sine function (8). A solution is sought in separable form
where = (x) is a (complex) function of x only. The complex leakage q t at the top of the aquifer below the sea may be written as a function of the head h 0 in the sea and the head h in the aquifer and the resistance and storage coefficient of the leaky layer as (see equation A15 in Appendix A):
where f and g are given by equations A13 as
Note that when the storage of the leaky layer is neglected ( = 0), both f and g equal 1∕c, and the equation for the flux through the leaky layer simplifies to q t = (h − h 0 )∕c. Below the land, h 0 = 0, and the leakagẽ q t simplifies toq
whereg is obtained from (11) by replacing and c bỹandc, respectively.
Substitution of (9) for h and (10) for q t into (1), division of all terms by e i t , and combination of terms give the following differential equation for below the sea
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A particular solution p to the nonhomogeneous differential equation (13) is obtained from inspection as p =
Note that when the aquifer is covered by an impermeable layer (c = ∞), both f and g are equal to zero, and p = h s . The general solution to the homogeneous form of (13) is
where a and b are constants and is defined as
The general solution to the differential equation (14) has the same form as (16), but is replaced by=g
Application of the boundary conditions (3) gives the following expressions for below the sea and the land
The constants a and b are obtained from condition (4), which give, using (9)
Solution of this system of two equations gives
The final solution may now be written as
The real part of the above expression is the head fluctuation in the aquifer caused by a sea level that varies as a cosine function (7), while the imaginary part is the head fluctuation caused by a sea level that varies as a sine function (8). Note that the part of solution (22) for the aquifer below the land may be modified to obtain a solution for an aquifer that ends abruptly at the shore by replacing b by h s .
The head in response to sinusoidal forcing may be defined by the amplitude and phase shift. For this purpose, the equation for the (complex) head (22) is written as
where u and v are the real and imaginary parts of (x) (19), is the amplitude of the periodic variation at x, and is the phase shift at
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Multilayer Solution
The solution for a single layer is extended to multiple layers using matrix calculus. Consider a coastal aquifer system consisting of a sequence of N aquifer layers and N leaky layers; leaky layer n is on top of aquifer layer n ( Figure 2 ). The resistance to vertical flow is neglected within aquifer layers (Dupuit approximation), and flow in leaky layers is approximated as vertical. Below the sea, aquifer layer n has transmissivity T n , storage coefficient S n , and loading efficiency n , while leaky layer n has resistance to vertical flow c n , storage coefficient n , and loading efficiency n . Below the land, all aquifer and leaky layer parameters have a tilde, and the loading efficiency is not of concern as the load on the aquifer does not vary.
Flow in aquifer layer n below the sea is governed by (cf. (1))
where the upward leakage through the top of aquifer layer n is equal to the flux q n,b at the bottom of leaky layer n and the upward leakage through the bottom of aquifer layer n is equal to the flux q n + 1,t at the top of leaky layer n + 1 (see Figure A1 in Appendix A). The latter equals zero for an impermeable bottom.
A solution for the head is again sought in complex form, similar to the derivation for one-dimensional flow. The net vertical outflow of each aquifer (q n,b − q n + 1,t ) may be expressed in complex form as a linear combination of the complex head in the aquifer and the complex heads in the aquifer layers above and below the aquifer, as derived in Appendix A. Substitution of (A16) for the complex net vertical outflow of each aquifer layer and combining all equations in one matrix differential equation for flow below the sea gives
where ⃗ h is a column vector with the complex head in each aquifer layer, and ⃗ h 0 is a column vector with the complex fluctuation of the sea level.
T, S, and B are diagonal matrices with the values of the transmissivities T n , storage coeffients S n , and loading efficiencies n of the different layers on the diagonals. Matrix F is defined as
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where f and g are given by (A13). Matrix G is a diagonal matrix with terms
except for the first and last rows
The system of differential equations governing flow below the land is the same as (26), except that ⃗ h 0 = 0, and diagonal matrices T, S, and F are replaced by their equivalents with a tildẽ
Boundary conditions at infinity and conditions at the shore are the same as for the one-layer case ( (3) and (4)) and may be written in vector form as
and
Solutions to matrix differential equations may be obtained using matrix differential calculus (e.g., Maas, 1986) . A solution to the stated problem is sought again in separated form as
where ⃗ is a vector of functions that depend on x only. Substitution of this equation for ⃗ h in the matrix differential equations (26) and (31), division of all terms by e i t , and gathering terms gives
A particular solution to the nonhomogeneous matrix differential equation below the sea (35) is obtained from inspection as
where () −1 stands for the inverse of a matrix. The matrix A is introduced so that the homogeneous form of the matrix differential equation below the sea (35) becomes
where
The general solution to this homogeneous matrix differential equation may be written as
where the exponential and square root functions in this equation are matrix functions (see, e.g., Maas, 1986) . Matrix exponential and square root functions are available in many libraries, including the SciPy package 10.1029/2019WR024757
for Python (Jones et al., 2018) . The general solution to the differential equation for below the land (36) has the same form as (40), but the matrix A needs to be replaced byÃ
Application of the boundary conditions (32) and addition of the particular solution below the sea (37) gives the following expressions for ⃗ below the sea and below the land
The vectors ⃗ a and ⃗ b are determined from the conditions at the shore line (33), which give, using (34)
Solution of this system of two equations gives
where I is the identity matrix. The final solution is
As for the one-layer solution, the real part of the above expressions is the head fluctuation in the aquifer system caused by a sea level that varies as (7), while the imaginary part is the head fluctuation caused by a sea level that varies as (8). Note that the part of solution (46) for the aquifer system below the land may be modified to obtain a solution for an aquifer system that ends abruptly at the shore by replacing ⃗ b by ⃗ h s .
For the case that two aquifers are not separated by a leaky layer, the vertical flux between two aquifer layers may be computed with a simple finite difference scheme (e.g., Bakker, 2013b; Harbaugh, 2005) . For example, the vertical flux q z between aquifer layer n and aquifer layer n − 1 is computed as
where c n is the resistance to vertical flow between the middle of aquifer layer n and the middle of aquifer layer n − 1
where H n is the thickness of aquifer layer n, and k v,n is the vertical hydraulic conductivity of aquifer layer n. Two aquifer layers that are not separated by a leaky layer may be simulated with the presented solution (46) by specifying c n with the equation given above and by setting the storage n equal to zero.
Examples
The presented solutions for single-layer (22) and multilayer (46) aquifers are implemented in Python. Accurate numerical derivatives are used to verify that the presented solutions are indeed solutions to the stated differential equations and that the boundary conditions are met. The solution for a single layer has been evaluated extensively in a number of papers (e.g., Chuang & Yeh, 2007; Li et al., 2008) . The examples presented here concern multilayer systems. Three examples are presented. First, the consistency of both the mathematical derivation and numerical implementation of the presented single-layer and multilayer solutions is verified by using the multilayer solution to simulate flow in an aquifer covered by a thick clay layer. Second, the multilayer solution is used to investigate the tidal propagation in the deeper part of an unconfined aquifer, and the results are compared to the single-layer solution. In the third and final example, the effect of thin clay lenses on tidal propagation is studied.
Coastal Aquifer With a Thick Clay Layer
The objective of this example is to demonstrate the consistency between the single-layer and multilayer solutions. Consider a coastal aquifer covered by a thick clay layer. The thickness of both the clay layer and the aquifer is 20 m. The specific storage coefficient of both layers is 5 · 10 −5 m −1 . The hydraulic conductivity of the aquifer is 50 m/d, while the hydraulic conductivity of the clay layer is 5 mm/d (resistance is c = 4, 000 d). The loading efficiency of the clay layer is 1 and of the aquifer 0.5. A tidal period of 0.5 d is considered, and the amplitude in the sea is h s ; computed amplitudes are presented relative to the amplitude in the sea. To test the consistency of the mathematical derivation and the Python implementation, the system is simulated as a multilayer solution where the clay layer is simulated as one or more aquifer layers. The multilayer solution is compared to the solution for a one-layer system covered by a leaky layer (which is computed with (22)).
The amplitude as a function of x is presented in Figure 3a and the phase shift as a function of x in Figure 3b . Four curves are shown. The blue curve is for the single-layer model. The red curve is for a two-layer model, where the leaky layer is modeled as one aquifer layer. This solution is inaccurate, as expected, because the vertical flux through the leaky layer and the storage in the leaky layer are modeled inaccurately when it is simulated with one aquifer layer. The two-layer solution is very similar to the single-layer solution when the storage in the leaky layer is set to zero, which is shown in the figure with the dotted line. The flow through the leaky layer can be modeled accurately with aquifer layers when the leaky layer is simulated with multiple aquifer layers. The black dashed line represents the solution when the leaky layer is modeled with 10 aquifer layers. This solution approaches the single-layer solution (the black dashed line overlays the blue line).
A few interesting characteristics of the accurate solution (blue and black dashed curves) are noted. The relative amplitude (Figure 3a ) approaches 0.55 far away below the sea, while the loading efficiency of the aquifer is 0.5. This is caused by the resistance and storage of the leaky layer. When the storage of the leaky layer is set to zero, the amplitude far away below the sea approaches 0.5 up to three significant digits. When the resistance of the leaky layer is also increased, the amplitude is indeed 0.5 far away below the sea (not shown), as in the solution of Van der Kamp (1972) . Far away below the land, the amplitude approaches zero (boundary condition). For the current case, after a few hundred meters, there is very little difference between the four models below the land.
The phase shift approaches 8.5 min far away below the sea (Figure 3b ). Near the shore below the sea, the phase shift is actually negative, after which it starts increasing rapidly below the land. The phase shift above 60 min is not shown, but it keeps increasing linearly with distance from the shore. When the resistance of the leaky layer is increased and the storage of the leaky layer is set to zero, the phase shift far from the shore below the sea approaches zero, but the negative phase shift near the shore below the sea remains (not shown). Note that the amplitude and phase shift are a function of the tidal period. For the current example, a tide with a tidal period of = 0.5 d damps out to 10% at a distance of approximately 370 m (Figure 3) , while a tide with a tidal period of = 28 d damps out to 10% at approximately 2,450 m.
The comparisons of Figure 3 demonstrate that the derivation and implementation of the single-layer and multilayer solutions are consistent: They give the same answer when the leaky layer is simulated with enough leaky layers, which also gives a solution for the head in the leaky layer. In practice, it is, of course, more efficient to simply model it as one leaky layer, unless the head in the leaky layer is of interest.
Tidal Propagation in an Unconfined Aquifer
The objective of the second example is to investigate how the tidal signal propagates in the deeper part of an unconfined aquifer. Consider an unconfined aquifer with (approximately constant) aquifer thickness H = 20 m, a horizontal hydraulic conductivity of 10 m/d, a vertical hydraulic conductivity of k v = 1 m/d, a phreatic storage of 0.1, an elastic storage of 5 · 10 −5 m −1 , and a loading efficiency of 0.8. There is no leaky seabed.
First, the aquifer is modeled as a single layer. The vertical flux between the aquifer and the sea is computed with (47) as q z = (h − h 0 )∕c where c = 0.195H∕k v ; this effective value of c results in the correct discharge in steady models (Anderson, 2005) . The storage coefficient for the aquifer below the land is specified as 0.1. The amplitude of a tide with period = 0.5 d is computed as a function of x with (22). The relative amplitude is contoured and shown with the red dashed lines in Figure 4a .
Next, the same aquifer is simulated with a multilayer model consisting of 80 layers of equal thickness of 25 cm. The top layer of the aquifer below the land has a storage coefficient of 0.1, while the other 79 layers have a storage coefficient of 1.25 · 10 −5 . (This approach of simulating a phreatic aquifer was applied by Bakker, 2013a, to simulate the solution for transient flow to a partially penetrating well in an unconfined aquifer of Neuman, 1972.) Contours of the relative amplitude are shown with the blue contours in Figure 4a , and contours of the phase shift (in minutes) are shown in Figure 5a . This example demonstrates that the amplitude and phase shift vary significantly in the vertical direction in an unconfined aquifer.
Tidal Propagation in an Unconfined Aquifer With Clay Lenses
Consider the unconfined aquifer of the previous example, but now there are three 25-cm-thick clay lenses. The clay lenses are simulated as leaky layers. The vertical hydraulic conductivity of the clay lenses is 1 mm/d so that the resistance of the clay lenses is 250 days. The storage coefficient of the clay lenses is 1.25 · 10 −5 (the same as the aquifer layers), and the loading efficiency of the clay lenses is 1. Contours of the relative amplitude are shown in Figure 4b . Note the effect of the three thin clay lenses. The 0.1 relative amplitude contour propagates approximately three times as far at the bottom of the aquifer as compared to the unconfined aquifer without the clay lenses. In fact, the propagation in the bottom part of the aquifer approaches the propagation in a confined aquifer of the same total thickness and total storage of the aquifer, especially in the aquifer below the land ( Figure 6 ).
The phase shift for the case with clay layers is contoured in Figure 5b . The clay layers have a large effect on the contours of the phase shift. Below the land, the phase shift decreases with depth until below the first clay lens, after which it increases again below the deeper clay lenses. In the part of the aquifer above the first clay layer, the phase shift shows a curious variation, as it increases with distance from the shore, then decreases and then increases again. This behavior is caused by the interaction with the deeper layers through the clay layer, but it is not important for this example, as this happens at a distance from the shore where the remaining amplitude is negligibly small (see Figure 4b ).
Conclusions and Discussion
A new multilayer solution was presented for tidal propagation in a coastal aquifer. Many of the existing solutions, as cited in section 1, are special cases of the solution presented here. The solution was obtained using matrix calculus and can be applied to an arbitrary number of layers. The amplitude and phase shift can be computed analytically in every layer. It was shown that the tidal propagation can vary significantly in the vertical direction in both homogeneous unconfined aquifers and even more pronounced in unconfined aquifers with thin clay lenses. Below the clay lenses of the presented example, the amplitude approaches that of a confined aquifer.
Application to field measurements is beyond the scope of this paper, but it was demonstrated that the depth at which the propagation of the tidal signal is measured is critical. Similarly, thin layers of low permeability have a large impact on observations. As a result, the accurate estimation of aquifer parameters from tidal propagation in coastal aquifers is challenging. It will require deep knowledge of the system heterogeneity (e.g., from drilling the observation wells) and will likely result in the estimation of lumped parameters.
For unconfined flow, the transmissivity in the aquifer below the land was approximated as constant. This is a reasonable approximation when the tidal fluctuation is small relative to the saturated thickness of the unconfined aquifer (e.g., Sheets et al., 2015) . The loading effect caused by variations in the top part of an unconfined aquifer were neglected in the aquifer below the land, although the presented solution can be modified to include this effect. Wang et al. (2012) studied these effects and concluded that the loading effect of water table variations enhances the amplitude and reduces the phase shift when the water table aquifer is separated from the underlying aquifer by an impermeable layer. Effects of density variations because of salinity variations were also neglected. This effect was also studied by Wang et al. (2012) , who concluded that for their setup, the error in the amplitude caused by neglecting density differences was less than 2.5%. Finally, the analysis presented in this paper was based on the standard approximation in groundwater mechanics that there are no horizontal deformations in the aquifer, leading to differential equation (1). Other approximations are possible that allow for horizontal deformations (e.g., Boutt, 2010; Verruijt, 2015) , which deserve further attention.
where c n = D n ∕ n is the resistance to vertical flow of the leaky layer, and n = s,n D n is the storage coefficient of the leaky layer.
The fluctuation of the sea level is written in complex form (5). Boundary conditions are that the complex heads at the bottom and top of the leaky layer are equal to the complex heads in the aquifer layers below and above, respectively, written in the form (9) h(z = 0) = n e i t h(z = D n ) = n−1 e i t .
A solution is sought in the form
where is a (complex) function of z only. Substitution of (A4) for h in (A2), division of all terms by e i t , and combination of terms give
with boundary conditions (z = 0) = n (z = D n ) = n−1 .
The solution for is straightforward (e.g., Bakker, 2013a; Strack, 1989) = ( n−1 − n h s ) sinh( n z∕D n ) + ( n − n h s ) sinh[ n (1 − z∕D n )] sinh( n ) + n h s , (A7) Figure A1 . Flux into and out of leaky layer n and aquifer layer n.
where n = √ i n c n , 
The vertical components of the specific discharge at the bottom (q n,b ) and top (q n,t ) of leaky layer n may now be obtained with Darcy's law and through multiplication with e i t q n,b = − n d dz (z = 0)e i t q n,t = − n d dz (z = D n )e i t .
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Combination of (A9) and (A10) gives, after some rearrangement of terms q n,b = g n h n − n h n−1 − (g n − n ) n h 0 , (A11) q n,t = n h n − g n h n−1 − ( n − g n ) n h 0 ,
where n = n c n sinh( n ) g n = n c n tanh( n ) .
Note that for the case that the storage in the leaky layer is zero, n = 0, and f n and g n are lim →0 n = lim →0 g n = 1∕c n ,
so that the flux at the bottom and top of the leaky layer can be computed as the head difference between the aquifer layers divided by the resistance of the leaky layer.
For a single aquifer, the complex flux out of the top of the aquifer is equal to the flux at the bottom of leaky layer 1 and may be written as
The flux out of the top of aquifer layer n is equal to the flux at the bottom of leaky layer n, while the flux out of the bottom of aquifer layer n is equal to minus the flux at the top of leaky layer n + 1 ( Figure A1) , so that the complex net vertical outflow from aquifer layer n may be written as q n,b − q n+1,t = − n h n−1 + (g n + g n+1 )h n − n+1 h n+1 − [(g n − n ) n + (g n+1 − n+1 ) n+1 ]h 0 .
